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Weakly bound electrons in external magnetic field
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The effect of the uniform magnetic field on the electron in the spherically symmetric square-well
potential is studied. A transcendental equation that determines the electron energy spectrum is
derived. The approximate value of the lowest (bound) energy state is found. The approximate wave
function and probability current density of this state are constructed.
I. INTRODUCTION
Quantum nonrelativistic systems in external electromagnetic field have attracted permanent interest
due to possible application of their models in many phenomena of quantum mechanics. Particularly it
concerns so-called bound electron states. For example, it is well known that the integer quantum Hall effect
is correlated with the presence of weakly bound electron states in corresponding samples. Nonrelativistic
electrons in an external magnetic field are also responsible for such remarkable macroscopic quantum
phenomena as, for example, high-temperature superconductivity. [1]. Magnetic fields are also likely to
effect on weakly bound electrons into singular potentials of defects in defect films [2, 3]. The effect of
magnetic fields on loosely bound electron in two dimensions models was studied in [4]. To this problem
are also related such phenomena as parity violation, the Aharonov-Bohm effect [5], and others. The
behavior of an electron in a constant uniform magnetic field and single attractive δ potential in three
spatial dimensions was studied in [6], in which it was also obtained non trivial result for probability
current density of the loosely bound electron state. This current resembles ”pancake vortices” in the
high-temperature superconductors.
In this paper is studied a more general case of the electron behavior in external uniform magnetic
field in the presence of spherically symmetric square-well potential of finite radius. The calculations
are made supposing small size of this radius compared to the magnetic length a =
√
h¯/mω. In the
first approximation in the small parameter ξ = R2/2a2 ≪ 1 is derived transcendental equation for the
electron energy spectrum, and also approximate value of the bound energy state. Accordingly in zero
approximation a wave function of the bound state is obtained, and the value of probability current for
this state is calculated. This current, as also in [6], appears to have non zero circulation around the axis
parallel to the external magnetic field and to be mostly confined within the perpendicular plane.
II. SCHRO¨DINGER-PAULI EQUATION
Let us consider an electron in a spherically symmetric square-well potential of the form:
U(r) =
{ −U0, r < R
0, r > R
(1)
in the presence of uniform magnetic field H , which is directed along the axis z. Vector potential is
specified in a cylindrically symmetric gauge:
Aφ =
Hρ
2
, Aρ = Az = 0. (2)
Let us write the Schro¨dinger-Pauli equation for this electron:
ih¯
∂
∂t
ψ(t, r) = Hˆψ(t, r), (3)
where Hamiltonian in cylindrical coordinates has the form:
Hˆ = − h¯
2
2m
[
∂
ρ∂ρ
(
ρ∂
∂ρ
)
+
∂2
∂z2
+
∂2
ρ2∂φ2
]
− ih¯ω
2
∂
∂φ
+
mω2
8
ρ2 + U(
√
ρ2 + z2) + µσ3H, (4)
where:
ω =
|e|m
Hc
, µ =
|e|h¯
2mc
, σ3 =
(
1 0
0 1
)
. (5)
2We are interested in a stationary solution of the equation (3):
ψ(t, r) = e
−iEt
h¯ ψE(r). (6)
It is reasonable to seek the spatial part of the wave function in the form:
ψE(r) =
+∞∫
−∞
dpz
+∞∑
l=−∞
∞∑
nρ=0
CEnρlpzψnρlpz (r). (7)
Wave functions on the right side of this equation (7) are eigenfunctions of Hamiltonian (4) in the absence
of spherically symmetric potential (see, for example, [7]).
ψnρlpz (r) =
1
2
eipzz/h¯√
2pih¯
eilφ√
2pi
1
a
Inρl(ρ
2/2a2)
(
1 + s
1− s
)
. (8)
Where s = ±1 is a constant quantum spin number of an electron, a =
√
h¯/mω, and Laguerre functions:
Inρl(x) =
1√
(nρ + |l|)!nρ!
e−x/2x|l|/2Q|l|nρ(x) (9)
are expressed through corresponding polynomials. Multiplying the both sides of (7) by ψNρLPz , trans-
ferring to the right side the term containing the potential U(r), and to the left side all other terms, and
integrating over all spatial coordinates, we obtain:
CENρLPz
(
h¯ω
(
Nρ +
|L|+ L+ 1 + s
2
)
+
P 2z
2m
− E
)
=
=
U0
pi
+∞∫
−∞
dpz
∞∑
nρ=0
CEnρLpz
1
Pz − pz
1
a2
R∫
0
ρdρInρL(ρ
2/2a2)INρL(ρ
2/2a2) sin
(
Pz − pz
h¯
√
R2 − ρ2
)
. (10)
Taking into account a small radius of the potential well compared with magnetic length: R2/a2 << 1, we
expand the product of Laguerre functions on the right side of (10) in a power series of parameter ρ2/2a2,
up to the terms of the first order. We also suppose that in reality the integral over pz on the right side
of (10) has the finite limits. Accordingly we put:
√
R2 − ρ2(Pz − pz)/h¯ << 1 and substitute the sinus
on the right side of (10) by its argument. Then integrating over ρ and using designation: U0R
3 = λ, we
obtain the following result:
CENρ0Pz
(
h¯ω
(
Nρ +
1 + s
2
)
+
P 2z
2m
− E
)
=
=
λ
pih¯a2
+∞∫
−∞
dpz
∞∑
nρ=0
CEnρ0pz
[
1
3
− 2
15
ξ(1 + nρ +Nρ)
]
, L = 0. (11)
CENρLPz
(
h¯ω
(
Nρ +
|L|+ L+ 1 + s
2
)
+
P 2z
2m
− E
)
=
=
λ
pih¯a2
+∞∫
−∞
dpz
∞∑
nρ=0
CEnρLpz
[
2
15
ξ
√
(nρ + 1)(Nρ + 1)
]
, L = ±1 (12)
Where ξ = mωR2/2h¯. In case of all other values of L the right side of (10) in the first approximation
equals to zero. It means that corresponding coefficients CEnρLpz also equal to zero when L 6= 0,±1.
3III. ENERGY SPECTRUM
Because we are interested in the lowest energy state, we consider only the case L = 0. We seek
coefficients CEnρ0pz in the form:
CEnρ0pz = CE
1− 2
5
ξ(1/2 + nρ)
h¯ω
(
nρ +
1+s
2
)
+
p2z
2m − E
, (13)
Inserting (13) in (11) and neglecting the term proportional to ξ2, we obtain the equation for energy
spectrum:
1 =
λ
3pih¯a2
+∞∫
−∞
dpz
∞∑
nρ=0
1− 4
5
ξ(1/2 + nρ)
h¯ω
(
nρ +
1+s
2
)
+
p2z
2m − E
. (14)
Integrating over pz we finally have:
1 =
√
2m
3h¯a2
λ
∞∑
nρ=0
1− 4
5
ξ(1/2 + nρ)√
h¯ω
(
nρ +
1+s
2
)− E . (15)
This equation may be solved graphically. In order to find the approximate value of lowest (bound)
state, we put in (15): nρ = 0, s = −1. Then we obtain the following result:
Emin = − 2mλ
2
9h¯2a4
(
1− 2
5
ξ
)
. (16)
IV. WAVE FUNCTION AND PROBABILITY CURRENT
Let us find in zero approximation of ξ the wave function ψE(r) for lowest energy state. In this case in
expansion of the product of Laguerre functions in (10) we consider only one term, which does not contain
ξ. Then the right side of (10) does not equal to zero only when L = 0. In the formula for coefficients
Cnρ0pz (13) we must neglect the member proportional to ξ. We find coefficient CE from the normalizing
equation:
+∞∫
−∞
dpz
+∞∑
l=−∞
∞∑
nρ=0
|CEnρlpz |2 = 1. (17)
Taking into account that in the summation over l only one term of zero order is present, after integration
over pz we have:
CE =
1
m
√
2pi

 ∞∑
nρ=0
1
(h¯ωnρ − E)3/2


−1/2
. (18)
Inserting (18) in (13), and (13) in (7), and again taking into account that in the summation over l only
term of zero order is rest, we obtain the following formula:
ψE,s=−1 =
1
2pia
√
h¯
CE
∞∑
nρ=0
+∞∫
−∞
dpz
1
h¯ωnρ +
p2z
2m − E
e
ipzz
h¯ Inρ0(ρ
2/2a2). (19)
Because we are interested in the lowest (bound) state, we consider only term with nρ = 0. Then integrating
over pz we finally obtain:
ψE,s=−1 =
1
2pia
√
2mh¯|E|CE exp
(
−
√
2m|E|θ(z)z
h¯
)
exp
(
−mωρ
2
4h¯
)
. (20)
4Where θ(z) = 1(−1) when z > 0(< 0). Using well known expression for the density of probability current:
j =
ih¯
2m
(ψ∇ψ∗ − ψ∗∇ψ)− e
mc
Aψ∗ψ, (21)
we obtain the following result:
jφ = − eHρ
16pi2a2m2ch¯|E|C
2
E exp
(
−2
√
2m|E|θ(z)z
h¯
)
exp
(
−mωρ
2
2h¯
)
, jρ = jz = 0. (22)
V. DISCUSSION
So it is established that the presence of external magnetic field and potential well of finite depth
produces an interesting bound energy state of an electron. Its probability current has nonzero circulation
along the field axis. This fact attracts significant interest for it contributes to explanation of many
quantum mechanics phenomena, in the first place such as high-temperature superconductivity.
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